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These values satisfy condition (2). 
Substituting in (1) we have 

a 2 -6 2 =l. 



• (3). 



If e is the eccentricity of the ellipse & 2 =a 2 (l — e 2 ), substituting in (3) and 
reducing, we have ae=±l, i. e. the foci of the ellipse are at the points ±1. 

Also solved by O. B. M. ZERR, and the PROPOSER. 



140. 
las, Tex. 



Proposed by J. OWEN MAHONEY. B. E., M. Sc, Professor of Mathematics, Central High School, Dai- 




Having given two points on a range and a point that bisects the distance between 
two other points that form an harmonic ratio with the given points, give, if possible, a ge- 
ometrical construction for locating the other two points. 

Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 

Let A, B be the two given points on the range, the point bisecting the 
distance between the other two points. Through 
draw OE perpendicular to ABO, and on AB as diam- 
eter describe a circle AFB. Draw EF tangent to 
AFB. and with E as center and a radius equal to EF 
describe a circle cutting AO in C and D. (F is the 
point of tangency of EF, and .E-Fmust be greater than 
EO). Then C, D are the two points required. 

For GF*=AG*=GC.GD. 

.-. AG:GC=GD:AG. 

But AG+GC:AG-GC--=GD+AG:GD-AG. 

.-. AC:CB=AD:BD. Q. E. D. 

141. Proposed by M. A. GRUBEB, A. M., War Department, Washington, D. C. 

The equilateral triangle described on the hypotenuse of a right triangle is equiva- 
lent to the sum of the equilateral triangles described on the other two sides. 
Prove without the aid of the famous Pythagorean proposition. 

Solution by J. SCHEFFER, A. M., Hagerstown, Md., and NELSON L. RORAY, Bridgeton, N. J. 

Let ABC represent the right triangle, and D, E, F the vertices of the 
equilateral triangles constructed on the three sides. 

It is seen at once that AACF=ABCE=iAABC. 

.-. aACF+aBCE=aABO. 

aBDC=aABF, aADC=aAEB. 

.-. aABD+aABC=aABF+aAEB. 

aABC=aA CF+ A BGE. 

.-. a ABD+2aABO=(aABF+aACF) + (aAEB+ 
aBCE). 

.-. aABD + 2aABC=aBCF+aABC+aACE+ 
A ABC. 
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.-. &ABD=aBCF+aACE. q. e. d. 

That the three lines AF, BE, and CD intersect in one point may 
be proved as follows : 

Since EOB cuts the sides of a ACM in the points N, 0, B, CNxOM 
XAB=ANxCOxBM....{\). 

Since ,4 OF cuts the sides of ABCMin 0, P, F, C0xBPxAM=0MxCP 
XAP....{2). 

Multiplying (1) by (2) and canceling, CNxBPxAM=ANxBMxCP. 

Also demonstrated by <?. B. M. ZERR, and the PROPOSER. 

142. Proposed by WILLIAM HOOVEE. A.M., Ph.D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 

Show that an infinite number of triangles can be inscribed in x 2 / 'a 2 -f-y 2 jb 2 

ft <tJ)4 

— 1=0 whose sides touch a 2 x 2 + b l v 2 = — - — ,„ , . 

J (a 2 + & 2 ) 2 

I. Solution by the PEOPOSEE. 

The curves are b 2 x 2 +a 2 y 2 — a 2 b 2 =0 (1), 

and a 2 (a 2 4-6 2 ) 2 a; 2 4-6 2 (a 2 4-b 2 ) 2 i/ 2 -a 4 6 4 =0....(2). 

The invariants of (1) are a = — a 4 6 4 , 

#'=-a 2 6 2 (a.4+a 2 & 2 +& 4 ) 2 

and of (2), A=-a 6 6 6 (a 2 +6 2 )*, 

0'=— 2a 4 6 4 (a 2 +& 2 ) 2 (a*4-a 2 6 2 4-6*). 

By the usual theory, the conditions of the problem are fulfilled if 
# 2 =4a 0' . . . .(3), which is easily seen to be the case here. 

II. Solution by GEORGE A. OSBORNE, Professor of Mathematics, Massachusetts Institute of Technology, 

Boston, Mass. 



The problem is a special case of the following : 

in the oIHtvqo- t 

a 2 6 2 



X 2 1/ 

An infinite number of triangles can be inscribed in the ellipse — 4- -f^--l 



x s y* a' b' 

whose sides touch —rr,+ t4t=1, provided — -4- ^— =1. 
a * b u a b 

The problem is considered in Salmon's Conic Sections, Art. 376, page 342, 

for the general form of the conic. 

S=ax 2 + by 2 +cz s + 2fyz+2gzx+2hxy=0. 
S'=a'x 2 + b'y 2 + c'z 2 +2fyz+5g'zx+2h'xy=0. 

The condition that an infinite number of triangles may be inscribed in S 
and circumscribed about S', is @' 2 =44'@. . . .(1). 
J, A', are the discriminants of S, S'. 



